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O-i Abstract 

. We give a characterization of Whitney o-regular complex analytic stratifications of 

complex analytic subvarieties of a complex manifold N which satisfies the Oka property, 
in terms of the topology on the set of holomorphic maps, between Stein manifolds and 
A^, which are transverse to the stratification. Our result can be seen as a holomorphic 
version of Trotman's theorem in the real case which says that a-regularity is necessary 
and sufficient for the openness of sets of maps transverse to a stratification. 

1. Introduction 

Every complex analytic subvariety of a complex manifold can be stratified into complex sub- 
manifolds in such a way that the strata fit together in a nice way (Whitney [17]). In this paper 
we deal with the problem of characterizing Whitney a-regular complex analytic stratifications 
of complex analytic subvarieties of a complex manifold N in terms of the topology on the set of 
holomorphic maps with N as their target manifold which are transverse to the stratification. 

In the real case, such a characterization of smooth Whitney a-regular stratifications was 
achieved by Trotman in [16] , where the author proved that a-regularity is necessary and sufficient 
for the openness of the set of maps transverse to a stratification in the strong topology. In an 
earlier paper (Trivedi [15j). we showed that such a characterization can be achieved by the 
openness of a rather huge set of maps for the weak topology. In this paper we show that it is 
possible to characterize a-regular complex analytic stratifications in terms of smaller open sets 
of the set of holomorphic maps between complex manifolds, given some conditions on the target 
manifold. 

We begin with the definitions of some important notions and then summarize some known 
results in the real case. We then mention some recent results in the case of complex manifolds and 
prove that a-regularity is redundant for the denseness of transverse holomorphic maps (propo- 
sition I3.10p contrary to the assumption in a transversality theorem of Forstneric (theorem 4.3, 
[3j). We then show that a-regularity is necessary and sufficient for the openness of the set of 
holomorphic maps (proposition I3.1ip from a Stein manifold which are transverse to a stratified 
subvariety of a complex manifold which satisfies Gromov's ellipticity condition Elli (page 71 in 
Gromov [7J). This result can be seen as a holomorphic version of Trotman's theorem. Proposi- 
tion 4.6 in Forstneric [3] says that those complex manifolds which satisfy the Oka property also 
satisfy Gromov's ellipticity condition EUi, this results gives us theorem 13.141 and allows us to 
give examples, which are given at the end of the paper, illustrating the validity of our results. 
An analogue of our result in the case of algebraic manifolds (theorem 13. ISp is also given. 
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2. Real case 

Let M and N be smooth manifolds. On the set of ah smooth maps between M and N, C°°{M, N), 
two topologies can be defined: the weak topology (compact-open topology) where the subbasic 
neighbourhoods contain those maps which are close, along with their derivatives, on a compact 
set, and the strong topology (Whitney topology) where basic neighbourhoods contain those maps 
which are close on a family of compact sets covering M, see page 35 in Hirsch [£j for details. 
Denote by C!^{M,N) and C'^{M,N), the set of all smooth maps between M and N with the 
weak topology and the strong topology respectively. Notice that an open subset in the weak 
topology is also open in the strong topology and a dense subset in the strong topology is also 
dense in the weak topology. 

Definition 2.1. A smooth map f : M —?- N is transverse to a submanifold S C N at x G M, 
denoted / ff]^ S, if either /(x) ^ 5 or f{x) £ S and Tj(^)5 + Df^{T^M) = Tjf^^^N. And / is 
transverse to 5 on C M, denoted / (\]k S, if it is transverse at all x £ K. 

Notice that if the codimension of S is greater than the dimension of M then a map f : M ^ N 
is transverse to S if and only if f{M) n 5 = 0, i.e., if the image of M under / is disjoint from S. 

Definition 2.2. A stratification S of a subset y of a manifold M is a locally finite partition of 
V into submanifolds of M. The submanifolds in the partition are called strata. 

Definition 2.3. Let Si and S2 be two strata of S, 5*2 is said to be a-regular over S*! at x € S'in52 
if for every sequence of points {yi} in ^2 converging to x such that limj_>.oo Ty.S2 exists, we have 

lim Ty.S2 = T ^ TxSi C r. 

A stratification is called a-regular if for every pair of strata {Si,Sj), Sj is a-regular over Si at 
every point in the intersection SitlSj and Si is a-regular over Sj at every point in the intersection 
Sj n Si and in this case we say the pair {Si, Sj) is a-regular. 

Definition 2.4. A map f : M ^ N is transverse to a stratification T> oi V C N at x e M, 
denoted / rh^: S, if it is transverse to every stratum in T, at x. f is transverse to S on X C M, 
denoted / itij^ S, if it is transverse to T, at all x £ K. 

The celebrated Thom transversality theorem is the following (see Hirsch [9j and Golubitsky 
and Guillemin [6] for detailed proofs): 

Theorem 2.5. Let M and N be smooth manifolds, S C N a submanifold. Then, 

(a) Ts = {f e C°°{M,N) : / ril 5} is a dense subset ofC^{M,N) as well as ofCf{M,N). 

(b) Suppose S is closed in N and K C M. Then {/ G C'^{M,N) : f (\]k S} is open in 
C^{M,N) ifK is compact and open in C^{M,N) if K is closed. 

Feldman [2\ proved the following generalization of the openness result of theorem 12.51 for the 
strong topology: 

Theorem 2.6. Let M and N be smooth manifolds and let S be an a-regular stratiEcation of a 
closed subset V ofN. Then, T = {f e C°°{M,N) : / ril S} is an open subset ofC^{M,N). 

Trotman |16j proved a partial converse to theorem 12.61 which is the following: 
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Theorem 2.7. Let M and N be smooth manifolds and let S be a stratification of a closed subset 
VofN such that T = {fe C°°{M,N) : / ftl S} is an open subset ofCf{M,N). Then, S is 
a-regular 'over the strata □ of dimension ^ dimA^ — dimM. 

For the weak topology we have the following results analogous to theorems 12.61 and 12.71 see 
Trivedi [E]: 

Theorem 2.8. Let M and N be smooth manifolds and let S be an a-regular stratification of a 
closed subset V ofN. Then for any compact set K C M, the set Tk = {f € C°°(M, N) : f (\]k S} 
is an open subset of C^^{M, N). 

Theorem 2.9. Let M and N be smooth manifolds and let S be a stratification of a closed subset 
V of N. Let m £ M and suppose that the set Tm = {/ G C°°(M, N) : f rtim S} is an open subset 
of Cy^{M, N). Then, S is a-regular over the strata of dimension ^ dim A — dimM. 

Once we know the statements of the above theorems, what makes them not very hard to 
believe is the abundance of smooth maps between smooth manifolds. The existence of bump 
functions and partition of unity allows us to work locally on the smooth manifolds and then 
extend the results globally using them. The 'flexibility' of smooth maps allows us to easily 
perturb a given smooth map to get a transverse map. On the contrary, when we don't have such 
tools to work with, it is difficult to expect such results to hold, which is the case when we have 
complex manifolds and holomorphic maps. In fact, the strong topology for holomorphic maps 
has no meaning (it becomes discrete) and only the weak topology makes sense. 

3. Holomorphic case 
3.1 Topology on the set of holomorphic maps 

Let M and N be complex manifolds. Denote by 'H{M,N), the space of all holomorphic maps 
between M and with the weak topology. In fact 'H{M,N) has a well defined metric and 
with respect to this metric it is complete. Thus, T-i{M,N) is a Baire space. Many interesting 
sets in T-L{M,N) are open. Of particular interest is the set of holomorphic immersions between 
holomorphic maps. In the following, we will show that the set of holomorphic immersions between 
M and N on any compact set AT C M is an open set of T-L{M, N). 

Let M and N be manifolds and let / : M ^ A be a map. Let (0, U) and {ip, V) be 
coordinate charts in M and A respectively. We define Z,^^^ = ip o f o (j)^^. 

Lemma 3.1. Let f G C^{M,N) be an immersion at some point x G M. Then, there exist 
coordinate charts {U,(j)) around x, (y,ip) around f{x) with f{U) C V and an e > 0, such that 
for all compact subsets K C U, every member of M{f, {(j), U), {tp, V),K, ejl is an immersion at 
each point of K. 

Proof. Let {ip, V) be a chart at /(x) and let (</>, U') be a chart at x such that f{U') C V . 

Denote by L(R™',M"), the set of all linear maps between and M"; it is a normed space 
and has a well defined metric, say 5. Let X'^ be the set of all non injective maps in L(M™,M"), 
which is a closed subset. 

*every pair of strata (Si, Sj) with dimensions J5 dim A'' — dimM is a-regular. 

^Set of all maps g € C^{M,N) such that g{K) C V, \\f^,^{x) - fl</>,^(a:)l| < e and \\Df^^^{x) - Dg^^^{x)\\ < e for 
aU X e (l>{K) 
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Define rj : U' M hy r]{u) = S{D^^'jf^^^,I'^). Then is a continuous map and since / is an 
immersion at x, rj(x) > 0. Thus, there exists an open set U C U' around x such that r]{y) > 
for all y & U. 

Now, for any compact set K C U, set e = min{?7(y) : y G K}. We claim that the subbasic 
open neighbourhood of /, Af{f) = Af{f, {4>\u, U), (■0, V),K, e/2) has the required property. For, 
if 5 G 7V(/) and y e K, 

5{D<t>(y)g(t>,i>,'^'') ^ e - e/2 

Thus, g is an immersion at y & K. □ 

Proposition 3.2. Let ImmK{M, N) be the set of maps between M and N which are immersions 
at each point of K C M. Then Imm^iM, N) is an open subset of C^r{M, N) if K is a compact 
set. 

Proof. Let / G ImmKiM,N). To prove that ImmxiM, N) is open, we show that there exists 
an open neighbourhood of / which is contained in ImmxiM, N). Since / is an immersion at 
each X K, hy lemma [3TT] , for each x K there exists a chart Ux with the property that for 
each compact set C Ux there is a neighbourhood N{f,{(px,Ux),{'4'x,yx),Kx,ex) such that 
each member of this neighbourhood is an immersion on all of Kx- Since K is compact, we can 
choose a finite subcollection {Ux^, . . . ,Ux^} of the coordinate neighbourhoods {Ux}xi^K, such 
that K C U^^^i^xi- But then the intersection 

nLiiV(/, {cPx,,UxJ,ii^..,VxJ,Kx,,e) 

(e = minjexj}) is an open neighbourhood of / and is contained in ImmxiM, N), as required. □ 

Corollary 3.3. Let M and N be complex manifolds and ImmK{M,N) be the set of all holo- 
morphic maps between M and N which are immersions at each point of K. Then, ImmxiM, N) 
is open in 7^(M, N) if K is compact. 

Proof. It follows from the fact that the topology on T-l{M,N) is the topology relative to the 
topology of C^r{M,N) considering M and N as manifolds. □ 

3.2 Transversality theorems for holomorphic maps 

In the case of complex manifolds and holomorphic mappings between them the density result 
of the Thom transversality theorem is rarely true (see the discussion in Forstneric [3] about the 
difficulty in this case.) However, Forstneric [3J proves that under some conditions on the target 
manifold it is still possible to prove density results (see also Kaliman and Zaidenberg [TU]) and 
we briefly explain the transversality theorems of Forstneric |3j . 

For X G M, t G C" (for some n) and for a holomorphic map F : M x C" N define 
ff.M^Nhy ft{x) = F(x, t) and : C" ^ iV by f^{t) = F{x, t). 

Definition 3.4. A complex manifold N satisfies condition Elli if for every Stein manifold M 
and every holomorphic map f : M ^ N there exist an n ^ dimA^ and a holomorphic map 
F : M X C"' N such that /o = / and f^ is a submersion at G C" for each x G M. 
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Definition 3.5. A complex manifold N satisfies the Oka property if for every Stein manifold 
M, every compact ^(M)-convex subset K ol M and every continuous map fo:M^N which 
is holomorphic on an open neighborhood of K, there exists a homotopy of continuous maps 
ft'.M^N such that for every t G [0, 1] the map ft is holomorphic on a neighbourhood of K 
and uniformly close to /o on K, and the map /i : M — t- is holomorphic. 

Here T-L{M) denotes the sheaf of holomorphic functions on M and a subset U is '?^(M)-convex 
means that for every K compact in U, K C U where K = {x & X : \f{x)\ ^ sup^ |/| V/ E 

niM)}. 

Definition 13.41 originated from the work of Gromov [7] while definition 13.51 is a classical prop- 
erty and has been studied by several mathematicians, see for example [8] and [5]. Also, see 
Forstneric @] for a detailed account of the development of the research in this field. 

We now state the transversality theorem of Forstneric [3] : 

Theorem 3.6. Let M be a Stein manifold and N be a complex manifold satisfying the Oka 
property. Let T, be an a-regular stratiEcation of a complex analytic subvariety V of N. Then, 
the set T = {f e n{M, A) : / ^ S} is dense in n{M, A). 

In the course of proving theorem 13.61 Forstneric also proves the following proposition: 

Proposition 3.7. Let M and A be complex manifolds and S be an a-regular stratification of 
a complex analytic subvariety V of A. Then, for any compact set K C M the set Tk = {/ G 
H{M, N): f(t)K^} is open in n{M, A). 

Corollary 3.8. Let M and A be complex manifolds and S be a complex submanifold of A. 
Then, for any compact set K C M and any compact coordinate disk D of S, the set Tk = {/ G 
n{M, N): f<f]K {Sn D)} is open in n{M, A). 

Proof. Take S to be the stratification of S having S as the only stratum. Now, the result follows 
from the fact that the topology on 'H{M, A) is the topology relative to the topology of Cy^{M, A) 
considering M and A as manifolds. The openness in the real case of this set is a standard 
argument as given in [9j or [6]. □ 

Remark 3.9. Forstneric uses the term 'Whitney stratification' for a-regular stratifications, how- 
ever historically the term Whitney stratification is used for a stratification which satisfies b- 
regularity. 

The proof of theorem 13.61 in [3j suggests that it is a necessary condition that the stratification 
be a-regular. However, we will show that a-regularity is not necessary to prove the denseness of 
transverse maps. 

Proposition 3.10. Let M be a Stein manifold and N be a complex manifold satisfying the 
Oka property. Let S be a stratification of a complex analytic subvariety V of N . Then, the set 
T = {f e n{M, A) : / rti S} is dense in n{M, A). 

Proof. Let {-BajoeA denote the strata of S. Cover each strata by countably many compact 
coordinate disks C Ba in the submanifold Ba for a € A. Thus, 

T = n„eA nr=i {/ G nU, A) : / rtl S^- 
Now cover M by countably many compact sets Kj and notice that 

T = n„eA n^=i n~ i{/ g n{M, n) f rhi,^. s^- (3.i) 
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By corollary 13.81 for every j, the set on the right hand side of l\'6.1\i is open and it is also dense 
because it contains the set of all holomorphic maps transverse to T, on Kj (which is dense in 
T-L{M,N) by Forstneric's argument). Since ^{{M^N) is a Baire space and S is a locally finite 
stratification, T is also dense in l-i{M^N). □ 

Next, we prove a partial converse of proposition 13.71 which is the following: 

Proposition 3.11. Let M he a Stein manifold (dimension m) and N be a complex manifold 
(dimension n) satisfying the EHi condition. Let S be a stratification of a complex analytic 
subvariety of N, r = minjdim S : S is a stratum in S} and m ^ n — r. Let K C M be a compact 
sell Also Tk is dense in 'H{M,N). in M such that the set Tk = {f e U{M,N) : / rtlx S} is 
open in T-L(M, N). Then, S is a-regular. 

Proof. We may assume that the strata are of dimension ^ 1 because a-regularity is automatic 
over a 0-dimensional stratum. Let w (z K C M. Since M is Stein, we can assume that M is a 
complex submanifold of some such that w = G C^, and clearly p ^ n — r. 

Let X and Y be two distinct strata in S such that Y is not a-regular over X at some 
X & XnY. Then, there exists a sequence {yi}^i in Y such that limj_>oo Hi = x, limj_j.oo Ty-Y = r 
but TxX (f_ T. In fact, by the curve selection lemma |12j . we can choose yi to lie on an analytic 
curve. 

Let V E Tr^X be such that v ^ t and E be the one dimensional subspace of T^N spanned by 
V. Now, choose a basis for TxN such that we can write 

T^X = E®Wi® Ti 

r = Ti e Ts 
T^N = E®Wi®W2®Ti®T2 

where Ti, T2, VFi, 14^2 are subspaces of T^N , Ti = T^X n r. Then, find a subspac^ H of T^N 
with dim if = dim A*" — r, such that 

Ts e W2 c if c Ti e Ts e H^i e W2. 

Then, we have 

H + T,X = nX (3.2) 

and 

H + T^ T,N. (3.3) 

Let {il^,V) be a coordinate chart around x (z N such that ip{x) = if G C". Then, Dxip : 
TxN — )■ C" is a linear isomorphism and under this isomorphism (3.2) and (3.3) become 

Dx^{H) + Dxi>{TxX) = C" (3.4) 

and 

Dx^{H) + DxiP{t) / C". (3.5) 
Choose a basis {ui, . . . , Um, • • • , Up} such that ui, . . . , Um span the vector subspace T^M of 

CP. 

*!£ K is just a discrete set then the proposition is true even if A'^ does not satisfy the Elli condition, see Trivedi 

m- 

^This trick was first used in the proof of the main theorem in Trotman [IS]. See also the remark [3. 131 
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Let / be the dimension of Dxip{H) + DxiP{t) (n — r^l < n). Now choose a basis {vi, . . . , vi} 
of Dxip{H) + DxiP{t) such that {ui, . . . , Vn-r} forms a basis of Dxip{H)a,'n.(i extend it to a basis 
{vi, . . .,vi,vi+i, . . .,Vn^i,v'} of C" where D^^Piv) = v'. 

Now, define a map L : —?■ C" (this map is well defined because p > n — r) by, 

L{aiUi + • • • + ttpUp) = aiVi + 02^2 + . . . + Qn-rVn-r- 

where vi, . . . , Vn-r is a basis of Dxip{H). 

Let ^ = {/ e n{CP,N) : f{w) = x,D^f{T^M) = H). Next, we claim that 

Lemma 3.12. There exists ag € & n TkQ. 

Once we have g we can construct a sequence of holomorphic maps {g^} between and N 
which converges to g in the weak topology such that for sufficiently large k, g^ S. 
First note that gV for sufficiently large k. Thus, 

lim Dy^i;{Ty^Y) = Dx^P{t). 

Now, choose a basis {f f , , • • • , ff , f^'Yi; • • • > v^_i,v'^} of Dy^il){Tyf^N) such that Dy^il){Ty^Y) 
belongs to the span of {v\, . . . ,v^^ and 

lim Vi' = Vi and lim = v. (3-6) 

fc— >oo 

Let H'^ be the subspace of Dy^,ilj{Ty^N) spanned by v^, . . . ,v^_^. Then, by (3.6) we have 
limfc_>.oo = Dxil^{H) and we have 

H'' + Dy^i;{Ty^Y)^C"', (3.7) 

since the left hand side of (3.7) is spanned by a subset of {vi, . . . ,vi} and / < n. Now, define 
: CP ^ C" by the formula 

n—r 

L^{aiui H h apUp) = ^{yu) + "0 « 5(01^^1 H H apUp) + ^ ai(vf - Vi) 

i=l 

and set g^ = o L^. Clearly then, g^{w) = y^, by (3.6) the sequence of maps g^ converges to 
the map g, Dy,L^{T^M) = and by (3.7), g^ S. 

Now, let g\M = / and g^\M = f^, then clearly / and the /'^'s are holomorphic maps between 
M and A^, the sequence converges to / in the weak topology and / itix S but for large enough 
(f\w 5], which is a contradiction to the hypothesis that the set Tk is open in the weak 
topology. □ 

Proof of lemma [3.12l We will prove a better result, namely, we show that g can be chosen to be 
transverse to E at every point of M. Notice that h = 'tp~^L E & and moreover it is a holomorphic 
immersion on each point of K. Denote Ek = {/ G 'H{€P, N) : fix is an immersion}. By corollary 
13.31 Ek is an open set of 'H{<CP,N). Let d be a metric on 'H{'CP,N). Then, there exists a 5 > 
such that Bs{h) = {/ G H{M,N) : d{hj) < 5} is a subset of Ek- Set S'k = B^J^ n ^ 
(this set is not empty because h G Sk) and moreover it is a closed subset of 'H{M,N), since 
any converging sequence in (ok will converge to a point in S'k as all maps of the sequence are 
immersions on K. Since closed subsets of complete metric spaces are complete metric, we deduce 
that (OK is a Baire space. 

^We will in fact show that there exists a map g G & (1 Tk such that g rtl E. 
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Using the above result we can now show that the set {/ G S'k : / (ti S} is dense in S'k- 
Let K' be any compact set in M and let / : C*' — ?> be a holomorphic map in (ok- Since 

satisfies condition Elli, there exists a map F : CP X C^' ^ N as in the definition 13.41 Let 
TT : X C''^' — )■ C''^' be the natural projection. Since is a submersion for all z € M, 

there exist a small ball D C around the origin and an open set U C X containing K such 
that F is a submersion of V = U x D to N. Denote the strata in S by {-B^} and the underlying 
subvariety by B. Hence B' = F~^(B) n ^ is a complex analytic subvariety of V. Then B' can be 
stratified by pulling back the strata of B under F (we denote its strata F~^{Bp), by B'^). 

Now, we show that if t G C^' is a regular value of the restricted projection vr : i?^ — > D then 
ft^.Bp if {z,t)£B'p. 

If {z^t) € B'l^ then y = ft{z) € Bp. Since F{z,t) = y and F is a submersion, we know that 

I)(,,i)F(r(,,i)CP X C^') + TyBp = TyN 
that is, given any vector o G TyN, there is a vector b G Tf^^.t)^'^ ^ such that 

We want to exhibit a vector v G T^C^ such that Dzft{v) — a € TyBp. Now, 

r(^_t)CP X C^' = T^CP X TtC^\ 

so, 6 = (i;;, e) for vectors it; G TzCP and e G TtC^' . If e were zero we would be done, for since the 
restriction of F to x {i} is ft, it follows that 

D^z^f^F{w,Q)=Dzft{w). 

If e is not zero, we may use the projection vr to kill it off. As 

is just the projection onto the second factor, and the fact that t is a regular value of restricted 
projection vr : B'^ D we know that there is some vector of the form (n,e) in T(^z.t)B'p- But, 
F maps B'p to Bp, so -D(^^t)F(ii, e) G TyN. Consequently, the vector v = w — u ^ T^CP is our 
solution, for 

Dzft{v) - a = D(^z,t)T{{w, e) - (n, e)) - a = {D(^z,t)T{w, e) - a) - Di^z,t)F{u, e), 

and both of the latter vectors belong to TyN . 

By Sard's theorem [T3], we see that the set of regular values of vr is dense in D. Choosing t 
in this dense set and close to we get maps ft'.CP^N lying in which are transverse to S 
on K' (in fact on ^7) and which approximate / on K' . 

Thus, the set {/ G Sk ■ f (\^k' ^} is dense in (fj^. This implies that for any stratum Ba of S 
and any compact coordinate disk Ka C Ba the set {/ G ■ f (\]k' Bp n Ka} is dense in S'k 
and corollary 13.81 implies that it is also open. Thus, using the fact that S'k is a Baire space, we 
conclude that the set {/ G S'k : / iti S} is dense in (^k- 

This proves the existence of a G {/ G S'k : / iti S} C ^ n Tk. □ 

Remark 3.13. The above proof is inspired by the proof of the main theorem in Trotman [16j 
where the author only mentions the existence of the required maps (in the real case), while we 
have constructed them explicitly in the holomorphic case. 

Combining our proposition 13.111 with the proposition 4.6 of Forstneric [3], which gives criteria 
for complex manifolds to satisfy the Elli condition, we have the following theorem: 
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Theorem 3.14. Let M be a Stein manifold and N be a complex manifold satisfying the Oka 
property. Let S be a stratiEcation of a complex analytic subvariety in N. Let K <Z M be a 
compact set in M such that the set Tk = {f e n{M, N) : f (\]k S} is open in n{M, N). Then, 
S is a-regular over the strata of dimensions ^ diniA^ — dimM. 

In the case of algebraic maps between algebraic manifolds and algebraically sub elliptic man- 
ifolds studied by Forstneric [3], a similar kind of result can be obtained. We have the following 
result (we give the statement without proof because the proof is similar to the holomorphic case): 

Theorem 3.15. Let M be an algebraic manifold and N be a subelliptic algebraic manifold (i.e. 
N satisfies the Elli-condition) . Let S be a stratification of a complex analytic subvariety of N. 
Let K C M be a compact set such that the set Tk = {/ G 0{M, N) : f S} is open in 
0{M,N) (set of all algebraic maps between M and N). Then, T, is a-regular over the strata of 
dimensions ^ dim — dimM. 

4. Examples 

We give two examples where the assumptions of our theorem are not satisfied and our result 
does not hold. 

1. Let M be a compact complex manifold. A compact complex manifold is not Stein and any 
holomorphic map from M to C" is a constant. Let y be a complex analytic subvariety in C" 
and S a stratification of V. Then, a holomorphic map Qx ■ M C" which maps all points of M 
to x € C" is transverse to S, at any point m G M if and only ii x ^ V. Thus, even if T, is not 
a-regular, the set of maps which are transverse to S is open. 

2. A complex manifold N is 'Brody hyperbolic' if there are no non-constant holomorphic 
maps from C to N, see [1] or |11] . On the other hand, complex manifolds which satisfy the Oka 
property are those manifolds which are the target of 'many' non-constant holomorphic maps 
from C". Brody hyperbolic manifolds do not satisfy the Oka property, see the discussion in |llj . 
Let M be the complex line and A^ be a polydisk in C". The manifold A is a Brody hyperbolic 
manifold because any holomorphic map from C to A must be constant by Liouville's theorem. 
So, once again a map from C to A is transverse to a stratified set in A if and only if it does not 
touch the stratified set and so even for non a-regular stratifications the set of maps transverse 
to them is open. Thus the result does not hold in this case. However, we don't know if our result 
can be improved for a bigger set of complex manifolds and it needs to be investigated. 
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